It is proved that computing the maximum diameter ratio (also known as the local density) of a graph is APX-complete. The related problem of nding a maximum subgraph of a xed diameter d 1 i s proved to be even harder to approximate.
Introduction
The maximum diameter ratio of a graph G is de ned as a dr(G) = m a x H G jV (H)j ; 1 diam(H) (1) where H runs over all connected subgraphs of G with at least two vertices. This parameter is sometimes called the local density of G h o wever, the same name has been used before with a di erent meaning (see, e.g., 5]). The importance of the maximum diameter ratio lies in the fact that it gives a lower bound on the bandwidth of the given graph (cf. 3, 4] ).
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Let c > 1 be a constant. Having a maximization problem , we say that is approximable within factor c if there exists a polynomial time algorithm such that for every input I for , the algorithm returns a solution whose {value is at least 1 c opt(I), where opt(I) denotes a {optimal solution for I 9] . A similar de nition applies for minimization problems. If is an NP optimization problem (i.e., its decision version is in NP), then is in the class APX (approximable NP optimization problems) if it is approximable within some constant factor c > 1. A problem 2 APX is APX-complete if every problem in APX is polynomially reducible to .
In this note we show that the problem of determining the maximum diameter ratio for an arbitrary graph is APX-complete. More precisely, there is a polynomial time approximation algorithm which approximates dr(G) within factor 2 but there is a constant c > 1 s u c h that nding approximations within factor c from the optimum is NP-hard. (Let us remark that the best known polynomial time approximation algorithm for the related bandwidth problem gives solutions only within a polylogarithmic factor 6].)
We also show that for every xed integer d 1, nding a subgraph H of G with maximum numberof vertices whose diameter is d is polynomially equivalent to the MAX CLIQUE problem (where the equivalence preserves approximations within the same factor).
The bandwidth problem is NP-hard even for trees (of maximum degree 3) 3, 4]. We s h o w, however, that in the case of trees, computing the maximum diameter ratio can beimplemented in time O(dn) where n is the numberof vertices and d is the diameter of the given tree. 2 The maximum diameter ratio Lemma 2.1 The maximum diameter ratio of a graph is approximable within factor 2.
Proof. Choose an arbitrary vertex v 2 V (G). Let H d (v) be the subgraph of G induced on the vertices fw 2 V (G) j dist(v w) dg. Clearly,
Consider a subgraph H of G such that dr(G) = (jV (H)j ; 1)= diam(H). Suppose that diam(H) = k and let u 2 V (H). Then H H k (u). Also,
The value M can be computed in polynomial time by starting a breadthrst search from every vertex of G. Therefore we have a polynomial time approximation algorithm which is within factor 2 from the optimum.
Next, we prove that arbitrarily good approximations to the maximum diameter ratio are \di cult" to nd.
Theorem 2.2 The computation of the maximum diameter ratio of graphs is APX-complete.
Proof. Clearly, computing the maximum diameter ratio is an NP maximization problem. By Lemma 2.1, the maximum diameter ratio is in APX.
To prove its completeness, we shall make a polynomial time reduction of a restricted version of MAX CLIQUE to the problem of determining the maximum diameter ratio of a graph. L e t u s d e n o t e b y M A X CLIQUE-3 the problem of determining the maximum clique in the class G 3 of all graphs G whose complement is a cubic graph. Berman and Fujito 2] proved that MAX CLIQUE is APX-complete for graphs whose complement has only vertices of degree 3. Alimonti and Kann 1] gave a simpler proof of the same result. They also observed that a simple further reduction shows that MAX CLIQUE-3 is APX-complete as well. This means that there are constants 1 < c 1 < c 2 such that nding an approximation to the maximum clique in G 3 within the factor c 2 is polynomially solvable, while nding it within the factor c 1 is NP-hard.
Our reduction is based on the fact that a graph G contains a clique of size s n=2 + 1 if and only if its maximum diameter ratio is s ; 
In the last inequality we used the fact that n 3!(G). If c < 1 + (for any " > 0). Our result shows that the same hardness of approximation result (with di erent inapproximability factors) holds for maximal subgraphs of any xed diameter. 4 The maximum diameter ratio of a tree At t h e end we present a polynomial time algorithm for computing the maximum diameter ratio of trees. Let T bea tree. For a vertex v 2 V (T ) and an integer r, denote by H v r the subtree of T induced on vertices w 2 V (T ) such that dist(v w) r. Similarly, for an edge e 2 E(T), H e r is the subtree of T induced on vertices that are at distance r from the ends of e.
The following lemma shows that it is su cient to examine only subgraphs of T of the form H = H v r and H = H e r to compute the maximum diameter ratio of T. (12)) and sent to the corresponding neighbors. During this process, a vector of length d is sent along each edge of the graph twice (once in each direction). The numberof vector additions that take place at any v ertex is proportional to the degree of the vertex. Therefore, taken over the whole tree T, one has O(jEj) vector operations, and the algorithm has time complexity of O(jEj d) = O(nd).
